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The  Paracrystal as a Model for Liquid 
Crystals* 
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Fritz-Haber-lnstitut der Max-Planck-Gesellschaft, Berlin-Dahlem 
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Abstract-It is emphasized, that the loss of long range order does not 
necessarily destroy three-dimensional lattices. Nematic or smectic meso- 
phases as well as special types of liquid crystals, many crystalline or amor- 
phous high polymers, crystals near the melting point, molten substances 
and mixed crystals are examples in nature. The theory of paracrystals 
describes such lattices quantitatively in a most convenient mathematical 
way. A very short survey of the main formulas is given, which are needed 
for a practical application of the theory to X-ray, electron and neutron 
diffraction problems. The derivations are given in standard texts.'. 2 This 
publication is confined to the discussion of the integral widths of the 
reflections. 

Two reasons for line broadening are discussed : paracrystalline distortions 
and particle size effects. It will be shown how one can separate these two 
effects and also the effect of thermal oscillations. These results are applied 
in a separate section to the analysis of paracrystalline mosaic blocks in single 
polyethylene crystals and paracrystalline ultrafibrils in stretched poly- 
ethylene. The mosaic blocks have sizes of about 300 A and g-values = 2y0, 
the ultrafibrils diarneters of 100 A and g = 3%. 2' C below and some degrees 
above the melting point lead also consists of such micro-paracrystallites. 
Their mean size 23°C above the melting point is 30 A, g=  11.5%, 223°C 
above the melting point 10 A, g= 12.5%. 2" C below the melting point g 
drops down to 4%. At the melting point a network of paracrystalline grain- 
boundaries arises suddenly, whilst the thermal and paracrystalline distor- 
tions within the paracrystals increase more or less continuously with rising 
temperature. Inside the paracrystals subgroups of atoms exist with a 
smaller amount of paracrystalline distortion. All liquid metals investigated 
by us, a t  least up to 100°C above the melting point, can be explained 
quantitatively by aggregates of clusters of atoms in paracrystalline 
distorted hexagonal close packing. Mixed crystals of a-Fe with 15 atom 
yo A1 have g-values of l%,, whilst rigid atoms should have g-values about 
twice as large. This discrepancy can be explained by the deformability 
of the electron clouds. A Laves phase (FezZr) has g-values up to 0.7y0, 
reduced Fe, Al-spinels (3 atom "/b Al) have g-values near 1%. The para- 

* Based on a lecture presented a t  the International Liquid Crystal 
Conference, Kent State University, Kent, Ohio, August 16-20, 1965. 
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334 M O L E C U L A R  C R Y S T A L S  

crystalline distortions show characteristic anisotropies, which give some 
information about the arrangement of t.he foreign atoms or subgroups in the 
lattice. 

I. Introduction 

If in an a-Fe lattice some of its atoms are replaced by larger 
Al-atoms, lattice distortions occur. If the atoms behave like 
incompressible liquid droplets, this distortion decreases as 1 /rz and 
the long range order is preserved.18 In reality the electron clouds 
have a shear modulus, which is not negligibly small. Hence the long 
range order must be destroyed. Similar problems arise, if we discuss 
a lattice with thermal vibrations. Only in a first approximation do 
the electron clouds oscillate like rigid entities. If the temperature is 
not small enough compared with the characteristic temperature, 
correlations with the adjacent atoms occur and the electron clouds 
are deformed. As a consequence, the thermoelastic waves are 
damped and hence different lattice cells have different oscillation 
volumes. Again the long range order breaks down.ll In many high 
polymers at least, one direction is characterized by van der Waals’ 
forces with a relatively low characteristic temperature. In addition, 
paracrystalline distortions are produced by the conformation of the 
complicated molecules. Last but not least, mesophases play an 
important role in the glassy state. They can be described as special 
degenerate cases of paracrystals. The same is true for the conven- 
tional theories of liquids and crystals, which are special structures 
within the more general concept of paracrystals (cf. the following 
table) : 

Principal States of Aggregation 

Crystal Paracrystal Liquid 
- - Long range order + 

Lattices + + 
Identical a priori 

probability - 
Spherically symmetric 

correlation function 
Q ( r )  

- 

+ + 

+ - - 

Amorphous 
and gaseous 

- 
- 

- 

+ 
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P A R A C R Y S T A L S  A S  M O D E L S  F O R  L I Q U I D  C R Y S T A L S  335 

I n  the presence of thermal vibrations, the atoms of a crystal do not 
have the same a priori pair correlation function. As a direct 
consequence of the long range order, an atom A oscillating in 
direction 1 has a different distance distribution, with respect to the 
rest of the lattice, than an atom B oscillating in direction 2. In  the 
concept of paracrystals the classic assumption of Deb ye and 
Zernike-Ornstein is preserved, namely that each atom has the same 
a priori distance distribution with respect to all the other atoms. 
The difference from the Debye-concept lies in the fact that, in the 
paracrystal theory, the idea of three-dimensional lattices remains 
preserved. As a next step thermal oscillations of the atoms around 
the lattice points of the paracrystal can be introduced. 

Starting from this most general assumption a theory of structure 
and its Fourier transform, which by means of the Ewald construc- 
tion gives the diffraction patterns, can be developed with a mini- 
mum of correlationfunctions. Thisis called the “ideal paracrystal ”. 
It is a first approximation, good enough to  describe the following 
structures. I n  a real paracrystal a certain number of correlation 
correction terms is introduced. (For details see reference 1) 

11. Theoretical Background 
The scattered intensity from an object, composed of atomic 

groups with structure factor F(b) and having an atomic density 
distribution p,(x), is given by 

= IW-4) 2 .  FQa , (x )  ( 1 )  

9 = dv, exp ( - 27~ibx) (2) 

is the Fourier-transform operator 

Qn(x) the folding square of p,(x), 

s ,  so = unit vectors in the directions of the primary and diffracted 
beam 
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336 M O L E C U L A R  C R Y S T A L S  

29 = diffraction angle 
X = wave length of the X-rays. 

I f  pam(x) is the atomic density distribution function in an infinitely 
extended structure, the density distribution of a finite object is 
given by 

s(x) is the shape function or form factor of the object with volume 
P a w  = P,m(x)s(x) (5) 

V and has the properties 
s(x) = 1 inside the external surface of the finite object 

= 0 outside the finite object 

J s(x)dv, = J s2(x)du, = v 

r 

Figure 1. Integral width of a reflection. Sg is given by the quotient of the 
dashed area and I ( 0 )  (cf. Reference 1, p. 322). 

For the diffracted intensity from a finite object one then obtains 
from Eqs. ( 1 )  and (5) 

I(b) = U Z ( b $ 9 ( b ) j 2  um (7) 

(7a) Z(b) = SZ(Z) = -A o- Q,(z) 

S ( b ) = F s ( x )  is the shape factor and Z(b)'the lattice factor, the 
Fourier-transform of the distance statistics functionz(x) . C,,, denotes 

V 
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P A R A C R Y S T A L S  A S  M O D E L S  F O R  L I Q U I D  C R Y S T A L S  337 

the average volume occupied by an atomic group. The introduction 
of thermal motions of the atoms gives no contribution to the 
integral line width, the only interesting quantity in our discussion. 
So the contributions to the measured integral width (cf. Pig. 1) 

J I  (b') db' 

come from the widths of Z(b) and IS(6)/'. jS(b)lZ gives an integral 
width (for powder  diagram^)^ 

which is determined by the average length of crystallites per- 
pendicular to  the diffracting lattice planes. To calculate the 
integral widths of the humps of the lattice factor Z(b) we must 
make an assumption about the distribution of the atoms in the 
substance. For an ideal paracrystalline lattice [l] the distance 
statistics function is given by 

+ a  + m  + m  

4 x )  = c c c HEipp3 = z; HEbo z; fc$:o c. H $ g 3  (10) 
Pl P2 P3 p l = - m  p z = - m  p 3 = -  w 

with 
jpxl-times I ppl-times I p~l- t imes  

h h h  h A h  h 

HEJ2P3 = P ( x  - 0) H ~ ( x ) .  . . H , ( x )  H ~ ( x )  . . . H Z ( X ) H ~ ( X ) .  . . H ~ ( x )  
(11) 

XPIPZP,  = PI%+P2%2+P353 (12) 

the distribution function around the vector 

H k ( x )  is the coordination statistic for the vector a6. The Fourier 
transform of z ( x ) ,  called paracrystalline lattice factor Z(b), is given 
bv 

3 

Z(b) = K k ( b ) ;  K ,  (b) = Be-- 1+F6(b)4' , (b)  = 9 H k ( x )  (l0a) 
k = l  1 -F,(b)' 

One of the K-factors is drawn schematically in Fig. 2 .  The width 
of the hump of z ( x )  in the direction i is given for Gaussian 
like W,(x)  by 

3 

6 = 1  
A ~ l p z p 3 ~ i  = 2 pa A E x ~  (13) 
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338 M O L E C U L A R  C R Y S T A L S  

where A2xi is the standard deviation of H k ( X )  in direction i. The 
integral width of Z(b) for a reflection of order h is then given by 
(for a Debye-Schemer (cf. Figs. 2 and 3) 

gik is the relative fluctuation of the vector ak in direction i 

Figure 2. Schematic diagram of a K-factor on a plane passing through b = 0 
and parallel to 4. Outside the ellipsoid this K-factor gives no contribution 
to the interferences. 

The measurable integral width 8s after Eq. ( 7 )  is obtained from a 
function, which is the folding of Z(b) and IS(b)lz and therefore 
dependent on the form of the functions Z(b) and lS(b)I2. If both 
functions are Gaussian-like (prop. exp( - ub')) one knows, that the 
integral widths add quadratically (cf. Eq. (13)). This is a good 
approximation and from Eqs. (7 ) ,  (8) and (14) (neglecting indices 
for simplicity) one obtains 
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or 

x - space b - space 

Figure 3. The relative statistical fluctuations g, of the coordination statistics 
H,(x)  and the corresponding widths 8pk(hi) for a two-dimensional model 
(after Bonartg). 

111. Applications 
1. POLYETHYLENE SINGLE CRYSTALS 

As a first application we will give the measurement of the integral 
width of the reflections (110), (220) and (330) from polyethylene 
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340 M O L E C U L A R  C R Y S T A L S  

crystals. These crystals were grown from a 0.05% solution of linear 
polyethylene Hostalen G (sample I) and Lupolen 6011 H (sample 2) 
in Xylol. Fig. 4a shows a S/3I2-h4 plot. If paracrystalline distortions 
are present, we should get a straight line in this plot as is indeed 

d&t$10 ’ 
20 - 
18 - 

16 - 

14 - 
12 - 
10 - 
8 -  

6 -  

4 

1 2 3 h  

Figure 4a. 
(110), (220) and (330) from polyethylene single crystals (samples 1 and 2). 

8/P(h)-h4-diagram of the integral widths for the reflections 

the case. Fig. 4b shows a S~’2-h2-diagram. If the line broadening 
arises from lattice strains, one would obtain a straight line in this 
plot. One can see that this isnot possible in the case of polyethyIene. 
In this manner it is possible to distinguish between line broadening 
caused by paracrystalline distortionsand by lattice strains (cf. III,4). 
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From the slope of the lines in Fig. 4a one calculates 

g, = ( 1 . 8 8 ~ 0 . 0 7 ) ~ o  g2 = (2.1420.06)y0 

for the g-values of the two probes. They give the relative distance 
fluctuations of the (110)-planes. The average dimension of the 

Figure 4b. 6fi2(h)-h2-diagram of the same measured integral widths 
(sample 1) as in Figure 4a. It is not possible to fit the points with a straight 
line. 

coherently scattering regions perpendicular to the ( 11 0)-planes 
follows from the intersection with the ordinate (h  = O ) ,  and is given 

L, = (299 ~f: 20) A and 1, = (332 5 15) i% 
bY D
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342 M O L E C U L A R  C R Y S T A L S  

Thus, this so-called single crystal has a mosaic structure with 
mosaic diameters of the order of 300 A and paracrystalline distor- 
tions with g- 2%. In another paper6 we have proved that this is 
no contradiction to the observed Moire patterns (cf. Fig. 5) ,  which 
are extended about a few microns, if one assumes that the boun- 
daries between adjacent mosaic blocks are twist b~undaries .~ The 
mosaic blocks are twisted about an axis lying perpendicular to the 
polyethylene chains, as shown in Fig. 6. The twist angle 4 is of the 

Figure 5. Moire pattern (after Hollandlo) from a bilayered polyethylene 
single crystal. (Reflection a t  (ZOO)). Two edge dislocations are marked by 
arrows. 

order of 0.6"-11". In this case the different mosaic blocks scatter 
the X-rays coherently and the MoirB-lines are on the average 
straight lines with a tumbling character as in Fig. 5 ,  because the 
deviation from the straight line is proportional to $?-. 

2. HOT STRETCHED POLYETHYLENE 
A more complicated situation arises in hot stretched linear 

polyethylene (stretch ratio 60 : 1 ; stretched to 6 : 1 at  70" C and 
then at  120°C to 60: 1). The reflections (110), (220) and (330) now 
have a profile, which is given by the sum of two Gaussian-like 
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functions. The analysis of the integral widths of this two terms 
(cf. Fig. 7), together with the analysis of the low angle scattering, 
leads to the conclusion' that this material consists of ultrafibrils 
with diameters of approximately 90 A and paracrystalline distor- 
tions with g- 3%. Four to nine of these ultrafibrils build a para- 
crystalline macrolattice. If the boundary between the ultrafibrils 

CATERPILLAR 

Figure 6. Model of a paracrystallirie mosaic block in polyethylene single 
crystals with twist boundaries. 

in these bundles consists of only one molecular layer, the relative 
statistical fluctuation within this layer is 42%, a very high value. 
Figure 8 shows a schematic picture of the cross-section through 
such a bundle of four ultrafibrils. One can see the less-distorted 
regions, separated by the highly distorted boundaries. It seems to 
us that this st,ructure is a very good two dimensional model of a 
liquid. 
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344 MOLECULAR C R Y S T A L S  

1 16 It' - 

'0- 

24 

W 

16 

a 

8 

4 

' 1 16 

LINEARES POLdrHYLEN HEISSYERSTR. 1 :  60 
INTEW). BRRTE DES ANTElL.5 4 
om REFLEXE: (ooo),(llo),(2mj,(uo) 

d l  h' 

Figure 7. 6/32(h)-h4-diagrams of the integral widths of the reflections (000) 
(low angle scattering) and (1 lo), (220) and (330) for the two terms of the line 
profile. Hot stretched linear polyethylene, stretch ratio 1 : 60. 

3. MONATOMIC LIQUIDS NEAR THE MELTING POINT 

I n  this section we will demonstrate that  the X-ray and neutron 
diffraction of monatomic liquids near the melting point can be 
interpreted as being produced by a polyparacrystalline material. 
At this moment we cannot prove that the calculations give the 
unique solution. But this solution is a possible one and from the 
mathematical point of view the most elegant one. Moreover it has 
a high physical significance and fits well with the behaviour of 
matter below the melting point and with thermodynamical calcula- 
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tions of a 1 i q ~ i d . l ~  These micro-paracrystals exist only as a time 
average and may have a very short lifetime. The intensity function 
I of a liquid is in most cases a spherical symmetric function in 

Figure 8. Model of a cross section of the fibrous structure in hot stretched 
polyethylene. Four paracrystalline distorted ultrafibrils build a bundle 
with high distorted boundaries. 

Fourier space. Hence the Fourier-inverstransform, the &-function 
defined by Eq. (3), is given by 

For monatomic liquids one starts with 

I - N f 2  
Nf 

i(u) = 
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346 M O L E C U L A R  C R Y S T A L S  

where N is the number of atoms and fz their scattering factor. 
Multiplying its Fourier-inverstransform by 47rr2 one obtains the 
so-called radial density distribution of the atoms : 

m 

47rr2(2 -po )  = 8 m  ui(u) sin 2 ~ u r  du  (20) 
0 

where z is a convolution square (pair correlation function) of the 
centres of the atoms, defined by Eq. (7a). In  the conventional 
theories it is called the density distribution p ( r )  resp. g( r ) .  po is the 
macroscopic density of the atoms in the liquid and, hence, gives 
the averaged number of atoms per B3. 

The assumption used in our calculationsll is, that z(x) is given by 
a convolution polynom Eq. (10). In other words : The liquid can be 
described approximately as a single paracrystal. In  reality this is 
certainly not the case. But our analysis will show that the co- 
ordination statistics a k ( x )  consist of two different kinds of 
distances : One kind of smaller values corresponding to neighboured 
atoms arranged in a crystalline-like manner, the other one defines 
larger distances, which correspond to neighboured atoms lying 
within grain boundaries, etc. In our calculation it is assumed that 
these larger distances are randomly distributed .in the para- 
crystalline lattice. But it can be shown easily that the &-function 
of a liquid remains nearly unchanged, if the smaller distances 
cluster in certain regions whilst the larger distances are concentrated 
on the boundaries of these clusters. 

In  other words: The following analysis on the basis of a single 
paracrystal with an inhomogeneous distance statistic (two kinds 
of distances) can also be interpreted as a polyparacrystalline 
material. The single paracrystallites are built up by atoms with 
shorter distances. Neighbouring atoms, belonging to adjacent 
paracrystallites, give rise to the larger distances. 

The next assumption is that all coordination statistics Hk 

projected on the respective mean direction of their correspondent 
distance vector at have the same shape. With respect to the iso- 
tropic character of a monatomic liquid this surely is a good approxi- 
mation. 
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The analysis is carried out by means of a digital computer. By 
trial and error we choose different three-dimensional lattices, for 
instance a body-centered-cubic with the mean lattice parameter d .  
At r = d i d 3  we meet the first eight atoms in the position & + 5 $2 $ 
with the same coordination statistic H ( r ) ,  which is chosen arbi- 
trarily. At r =d the next six distance-statistics are found. Follow- 
ing the concept of paracrystal they are given by H-H. At r = ii42 
we find twelve atoms in the positions [ 1 ; 5 1 ; 01 with a distribution 
function H-H. For, following the concept of paracrystals, two 
coordination vectors of the kind f ;++) are necessary to reach them. 
At r = a t d l  1 in the position k ($ti) the next twenty-four atoms 
with a distribution function H%ĤH can be found and so on. Taking 
into account that  correlations between adjacent atoms are not 
considered in the theory of paracrystals, but are more or less 
negligible for larger distances, we now use different lattice types, 
different shapes of H ,  different coordination numbers K and 
distancesduntil we finally obtain a folding polynom Eq. ( lo) ,  which 
best fits the experimental function Eq. (20). for distances r > 5 A. 
The differences observed between the experimental first distance 
statistics and the chosen coordination statistic H give direct 
information of next neighbour-correlations. 

A secondary condition exists between K ,  d and the lattice type, 
to give the well known macroscopic density po of the liquid. This 
restricts the variability of ti, and K for a certain lattice type. 

Going on this line we have synthetisized many experimental 
radial density distribution functions, published by several authors 
on liquid Au, Ag, Pb, Mg, Na, K, Rb, Hg, Ar, Ne near the melting 
point. 2 o  In  all cases we came to the following interesting conclusion : 

The experimental radial density above about 5 d can be syn- 
thetisized by a convolution polynom, if the following conditions 
are simultaneously fulfilled : 

All other 
lattice types must be discarded. Even the face-centered-cubic 
lattice, which is quite similar to  the hexagonal (ABCABC sequences 
instead of ABAB sequences) does not fit the experimental results, 
whatever K ,  ii and the shape of H may be. Stacking faults a t  this 

(1) The lattice must be hexagonal-close-packed. 
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moment cannot be excluded. But they must be so small that the 
ABAB-sequences occur most frequently. 

(2) The lattice must have a paracrystalline nature. All attempts 
t o  fit the experimental data by lattices which contain only conven- 
tional thermal distortions failed. But it could not be excluded 
that, besides distortions of the second kind a certain amount of 
distortions of the first kind (for details see1P2) exists. If HT(x)  is 
the distribution function of the distance x of the centre of an atom 
from its mean position produced by thermal oscillations then all 
the humps in the convolution polynom z (x)  (cf. Eq. (10) ) must be 
replaced by 

( p + l )  times- 
h --- 

H ,  = H p H T H H  ... H 

We could explain the experimental results by pure paracrystalline 
distortions as well as by smaller paracrystalline distortions in 
connection with distortions of the first kind. But it is impossible 
that the standard deviation Ar of H is much higher than that of 
the Debye theory12 

A 2 r ,  = -[-+-+(-)I 144 1 T 6 [A2] 
A e 4 e  T 

( A  atomic weight, T temperature (OK), 8 characteristic tempera- 
ture ( O K ) ,  + Debye function.) 

Recent results of Averbach15 for lead 2°C below the melting 
point can be analysed by our method too and prove that para- 
crystalline distortions exist. 

(3) The paracrystalline coordination statistic Hl(r) always had 
t o  consist of a symmetric part with a weight of about 80% of the 
whole statistic and of a tail with a weight of about 20%, whose 
centre lies a t  distances about 0.8 A larger than that of the sym- 
metric part. If generally CL is the quotient of the weight of this tail 
and the whole coordination statistic, it means, that the averaged 
number of atoms, lying in a certain direction with smaller distances, 
is given by 

- 1  N = -  
U 
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Thus the relative weight of the tail gives information about the 
mean size of the paracrystals. In  all cases we found sizes between 
20 and 40 8. Samples with temperatures much higher than the 
melting point showed smaller paracrystallites. 
(4) For all molten metals the coordination number K was larger 

than that  of a hexagonal lattice. Values of 13 to 14 (instead of 12) 
were observed. This agrees fairly well with the “mystic number” 
14 of Bernal,14 although our explanation is quite different from 
Bernal’s : we explained this number by the existence of the above 
mentioned grain boundaries with 0.8 A larger distances: Here each 
atom may have a larger number of more or less well defined “first 
neighbours ” . 

With respect to the above mentioned correlations between first 
neighbours we get the following results comparing the experimental 
first peak (F.P.) with the symmetric part (S.P.) of the synthetic 
coordination statistic : 

( 5 )  The centre of F.P. lies always a t  about 0.1-0.2 ,4 smaller 
distances r than that of S.P. (cf. Table 1) .  Hence in the para- 
crystalline microlattices small groups of atoms build up entities 
with smaller inner-distortions. Such subgroups were observed by 
Honjo13 in cubic crystals below the melting point too. 

(6) Honjo’s observations find another proof in the fact that  the 
centre of (F.P.) even lies a t  0.1 to 0.2 b smaller distances than that 
calculated from the lattice constant of the crystal just below the 
melting point. Therefore, this lattice constant corresponds to  the 
position of the centre of the whole coordination statistic H I ,  since 
it is averaged over all lattice distances. Hence (F.P.) in the liquid 
gives iiiformation of next neighbour distortions, which are smaller 
than the distortions averaged over all distances in the solid crystal. 

( 7 )  As can be seen from Table 1 the AT values of (F.P.) are nearly 
the same as of (T.D.), the thermal oscillations calculated by 
Eq. (32). The small entities of atoms within a paracrystal have 
practically only thermal, but no paracrystalline distortions. 

(8) The centre of the whole asymmetric first distance statistic 
HI lies a t  about 0.1 to  0.2 A larger distances than that calculated 
from a crystal. That is due to the fact that a t  the melting point H ,  

32 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
57

 1
7 

Fe
br

ua
ry

 2
01

3 



W
 

V
I 

0
 

T
A

B
L

E
 1
 

M
ea

n 
D

is
ta

nc
e 

r 
(A

), 
S

ta
nd

ar
d 

D
ev

ia
ti

on
 A

r(
A

) a
nd

 C
oo

rd
in

at
io

n 
N

um
be

r 
K

 o
f 

th
e 

N
ex

t N
ei

gh
bo

ur
 

St
at

is
ti

cs
 in

 L
ea

d 
ne

ar
 a

nd
 a

bo
ve

 t
he

 M
el

tin
g 

P
oi

nt
 

T
em

pe
ra

tu
re

 : 
32

5"
 C

 
32

9'
 C

 
35

0"
 C

 
55

0O
C

 

~ 
C

p
-
h

-
 
v
 

r1
71

 
P

61
 

-
c

 
~

5
1

 
- 

c
-
-
.
-
.
-
h

-
-
-
 

r-
--
--
..
.-
--
 

R
ef

er
en

ce
s :

 
~

5
1

 

r 
A

r 
K

 
r 

A
r 

K
 

r 
A

r 
K

 
r 

A
r 

K
 

F.
1'
. 

H
I 

S
.P

. 
T

.E
. 

T
.D

. 
A

.T
. 

P.
S.

 
9 

[%
I 

3.
48

 
0.

29
 

12
.1

 
3.

39
 

0.
30

 
12

.6
 

3.
38

 
0.

28
 

11
.7

 
3.

40
 

0.
35

 
9.

5 
3.

56
 

0.
34

 
11

.9
 

3.
69

 
0.

51
 

13
.1

 
3.

69
 

0.
42

 
13

.2
 

3.
63

 
0.

58
 

12
.3

 
3.

55
 

0.
32

 
11

.4
 

3.
53

 
0.

38
 

10
.0

 
3.

54
 

0.
39

 
11

.0
 

3.
44

 
0.

48
 

8.
5 

-
 

-
 

? 0.
36

 
-
 

-
 

? 
-
 

0.
31

 
-
 

0.
31

 
-
 

0.
31

 
-
 

-
 

0.
27

 
-
 

0.
31

 
--

 
-
 

-
 

-
 

-
 

-
.
 

3.
77

 
0.

1 
0.

5 
4.

44
 

0.
4 

3.
1 

4.
16

 
0.

4 
2.

2 
4.

21
 

0.
3 

3.
8 

4.
1 

6.
3 

1.
5 

12
.6

 
> 

50
 A

 
22

 A
 

40
 A

 
12

 A
 

F
.P

. 
=

 f
ir

st
 e

xp
er

im
en

ta
l p

ea
k 

8.
P

. =
 t

he
 s

vm
m

et
ri

c 
D

ar
t o

f 
H 

T
.E

. 
=

 s
ta

nd
ar

d 
de

vi
at

io
n 

of
 t

he
 d

is
to

rt
io

ns
 o

f 
th

e 
fi

rs
t k

in
d 

A
.T

. =
 a

sv
m

m
et

ri
c 

D
ar

t o
f 

H
 

T
,

~
,

 
=

 
(c

f.
 F

ig
. 

12
) 

P
.S

. 
=

 
r

=
 

g 
=

 g
-v

al
ue

 o
f 

th
e 

pu
re

 p
ar

ac
ry

st
al

li
ne

 
di

st
or

te
d 

fi
rs

t 
di

st
an

ce
 s

ta
ti

st
ic

 H
 i

n 
[y

o]
 

th
e 

to
ta

l 
pa

ra
cr

ys
ta

ll
in

e 
an

d 
th

er
m

al
 

di
st

or
te

d 
co

or
di

na
ti

on
 s

ta
ti

st
ic

 =
 H

H
,H

, 
th

er
m

al
 o

sc
ill

at
io

ns
, c

al
cu

la
te

d 
af

te
r D

eb
ye

's
 E

q.
 (2

2)
 

pa
rt

ic
le

 s
iz

e 
of

 t
he

 m
ic

ro
pa

ra
cr

ys
ta

ll
it

es
 (

A
) 

th
e 

qu
es

ti
on

 m
ar

ks
 in

di
ca

te
 t

he
 v

al
ue

s,
 w

hi
ch

 u
p 

to
 

th
is

 m
om

en
t 

ar
e 

no
t y

et
 c

al
cu

la
te

d 
or

 m
ea

su
re

d 

h
h
 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
57

 1
7 

Fe
br

ua
ry

 2
01

3 



P A R A C R Y S T A L S  A S  M O D E L S  F O R  L I Q U I D  C R Y S T A L S  351 

gets an asymmetric tail (A.T.) with a 0.8 larger mean distance, 
But the symmetric part (S.P.) of H I  has, within the errors of 
experiment, about the same position as in the solid state. This 
means that the single paracrystallites in the liquid do not differ so 
much from the solid state. 

RADIAL OISTRIWTION FUNCTION 
FOR LlOUlD LEAD 

COMPARED WITH A 
(SHARRAH, PET2 AND KRUH, 1960,350'C) 

HEXAGONAL- CLOSEST-PACKED LATTICE 
WITH 01STORTIONS OF FIRST AND SECOND KIN0 

Figure 9. Radial distribution function for liquid lead measured by Sharrah 
et al. (1960) at 350" C compared with a hexagonal-close-packed lattice,16 
with distortions of the first and second kind. 

Recent results of Averbach15 3" C below and above the melting 
point of lead can be analysed in the same way by convolution 
polynoms. Moreover, here one can analyse both distortions of 
the first and second kind. The standard deviation of the distor- 
tions of the first kind calculated from these experiments (T.E.) 
agrees well with that calculated from Debye's equation Eq. (22) (cf. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
57

 1
7 

Fe
br

ua
ry

 2
01

3 



352 M O L E C U L A R  C R Y S T A L S  

Table 1). The paracrystalline distortions dr, can be calculated 
from the values of Table 1 by 

4l = d(b,.,,- d2r(T .D.J  (23) 

or from the slope of the C T - ~  values against r in Averbach's paper and 
give rise to the g-values (cf. Eq. 15) in Table 1.  

FOR LIQUID LEAD 

( SHARRAH AND SMITH, m3,550*ci 
COMPPlRED WITH A 

HEXAGONAL-CLOSEST - PACKED LATTICE 
wirn DISTORTIONS OF FIRST ANO SECOND HIND 

Figure 10. Radial distribution function for liquid lead measured by Sharrah 
et al. (1953) at 550" C compared with EL hexagonal-close-packed lat,tice 
with distortions of the first and second kind. 

(9) Someimportant conclusions can be made : paracrystalline dis- 
tortions exist not only above but also below the melting point. They 
increase with increasing temperature, mostly nearthe melting point. 

(10) The discontinuity of density at  the melting point is produced 
by the asymmetric tail (A.T.) of the coordination statistic H,.  At 
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the melting point small crystalline areas of 20-40 8 diameter 
remain nearly unchanged, but in between them grain boundaries 
arise with about 0.8 8 larger distances between neighbouring 
atoms. These larger distances seem to consume most of the melting 

Figure 
measured by X-ray- and neutron-scattering (after Sharrsh el al., 1953 and 
1960). 

Comparison of the radial distribution functions of liquid lea 

heat. In  Fig. 9 the coordination statistic H of lead at  350" C calcu- 
lated from radial distribution functions measured by Sharrah et al. 
and all higher statistics H H . .  . are reproduced. Their sum fits well 
with the experimental radial density distribution for r > 5 8. The 
differences at smaller distances are caused by the small entities 
within single paracrystals, mentioned above. Figure 10 gives the 

hh 
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analysis of lead at 550" C." Now the humps are so broadened, that 
the hexagonal-close as well as the cubic-close packing and the body- 
centred-cubic lattice may be introduced into the convolution 
polynom to give a good fit to the experimental curve. For g-values 
of about 12 yo and more all three lattice types give almost the same 
density distribution p( r ) .  

Figure 12. Total mean-square atomic displacement in liquid lead at  329°C 
(Averbach et aE., 1965) and the standard deviation of the distance statistics 
of a hexagonal-close-packed lattice with distortions o f  the first and second 
kind. 

Figure 12 shows the A%-values of the single peaks of lead 2' C 
above the melting point calculated from the experiment by 
Averbach15 compared with an adapted convolution polynom. 
Since a t  this temperature several humps of the nearest distances do 
not overlap, one can separate H from HT (cf. Eq. (21)). 

In Fig. 11 neutron and X-ray results of the same liquid lead, 
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published by Sharrab“. l7  are compared. As long as the experi- 
mental techniques differ so much in their results, i t  is not useful to 
introduce further refinements into the theoretical calculations. 

4. METALLIC ALLOYS 
Paracrystalline distortions can occur if in a regular crystal some 

of the atoms are statistically replaced by atoms with a larger 
diameter. We then have t o  deal with a “solid solution” or an 

Figure 13. Two-dimensional steel ball model of a paracrystalline region. 

“ideal mixed crystal ” or a ‘’ Substitutioiis-Misch-Kristall ”. Figure 
13 gives an idea of such a paracrystal : In  a two-dimensional latt,ice 
of steel balls of 4 mm diameter some of  them, in the central region, 
are replaced by steel balls with 4.5 mm diameter. The lattice planes 
are now curved, the distance between adjacent lattice planes 
changes statistically. If p is the amount of  smaller atoms with 
diameter a, p that  of the larger atoms with diameter c = (a+ A ) ,  
then the coordination statistic in a one-dimensional case is given 
by 

H ( z )  = q P ( z - a ) + p P ( z - c ) ; p + p  = 1 (24) 
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The mean distance Z and the standard deviation Ax are given by 

1 = JxH(x)dx = qa+pc = a+pA = c-gA (25)  

Ax2 = J 22H(x+Z)dx 

= 1 x2(qP(x +PA) +pP(x - q A )  dx = qp2 A 2  +pg2 A 2  = pgA2 

hence 

I 

Figure 14. 6/3-h2-diagram of the integral widths for different reflection 
groups from a-Fe-Al-alloys with 0 and 15.3 atom per cent Al, annealed 15 
hr at 400" C. 

I n  the three-dimensional case the gik values, defined by Eq. (15) 
are smaller than Eq. (27), since the atoms are aligned along curved 
rows. In  crystals, moreover, the g,,-values become smaller since 
the atoms do not behave like rigid balls, but have a certain amount 
of plasticity. Nevertheless, Eq. (25) is, too, a good approximation, 
an upper limit of the paracrystalline distortions to be expected for 
given A ,  a and p-values. 
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6 ::; 2 4 

I n  the case of a-Fe, where p atom percent are replaced by Al, we 

Figure 14 gives a S/3 against h2 plot of a series of Bragg-reflections, 
know that  Ala = 0.058. 

L ; 5 I 10 I I S  1 h’ 
L 

Figure 15. 6F-hz- and 8fi-h-diagram of the integral width for the reflec- 
tions 110, 220 and 440 from cr-Fe-Al alloy with 15.3 atom per cent Al, 
annealed 15 hr at 400” C. 

for p = 0 and p = 0.15. To remove the microstrains, which give rise 
to line broadening, S/3, proportional to h (see Fig. 4b), the samples 
were annealed 15 hr a t  400°C before measurement. We see tha t  
for p = 0 all reflections have the same Sg within the error of the 
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experiments. Hence, in this case microstrains are absent. For 
p = 0.15 distortions remain. 

Contrary to  Fig. 4a, the G/?-values as a function of h2 do not lie 
exactly on a straight line (Fig. 15), since a certain amount of new 
microstrains arose during the annealing, since Al-atoms migrate a t  
this temperature, and because their vapour pressure is relatively 

\ Q  - 
sp c I 0-? i- 'I 

9 -  

8 -  

0 0,7 Al. % Fe-Uberschuss 

A4.2 A]. % Fe-Uberrchurs 

I I  I I I I I I 

50 I00 I50 200 250 300 

Figure 16. Sp-h2-diagram for reflections from ZrFez, with an excess of 0.7 
and 4.2 atom per cent Fe. 

high. Thus, the outer regions of single mosaic crystals have a lower 
amount p of Al-atoms and according to Eq. (25) the lattice para- 
meter on the surface of these mosaic crystals becomes smaller. This 
gives rise to a 8/3 proportional to h trend. In  Fig. 15 the 8/3-values 
of these (1 10)-reflections are plotted as h and h2. The experimental 
curve lies between these two cases. 

Nevertheless, a paracrystalline 6/3-h2 linear relation remains to a 
certain degree. From the slope of this line one obtains for p = 0.15, 

g = 1.05% 
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The upper limit of Eq. (27) gives g= 2.08%. The difference between 
the two values is a measure of the deformability of the non-rigid 
atoms. From Pig. 14 one can see that the g-values are different for 
different lattice planes (see Table 2 ) .  This gives interesting informa- 
tion about the coordination statistics, which in the case of the body 
centred a-Fe lie a t  (&&), (-ii&), (4- &+) and (++- 6 ) .  I n  Fig. 16 
a S/3 against h2 plot of Fe2Zr is reproduced. This alloy is a “Laves- 
phase”. The Zr-atoms built up a lattice of the diamond type. I n  
each of the interstices of this lattice four Fe-atoms are arranged in a 

TABLE 2 Paracrystalline Distortions in Mixed Crystals 
~~ ~~ ~ 

Lattice Foreign atoms p (yo) Lattice plane g (Yo) yr,g,,l 

0 0 
1.05 
0.7 2.08 
0.63 
0.3 ? 
0.66 

- 

1 .o 
1.15 ? 
0.73 

tetrahedron. Even if there is no excess of Fe-atoms, g-values could 
be observed (Table 2). This means that statistically some of the 
Fe-atoms occupy interstitial positions and hence give rise to para- 
crystalline distortions. Here, contrary to Pig. 15, the 6/3-values of 
all reflections lie on one line, which can be explained by the irregular 
(statistical isotropic) interstitial position of some Fe-atoms. 

Though all the paracrystalline lattices described in this section 
have nothing to do with a liquid crystal, it  must be emphasized 
that these distortions again destroy the long-range order of a real 
crystal and give rise t o  special mechanical and physico-chemical 
properties of these materials, which cannot be understood from the 
concept of a conventional real crystal. 
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5. REDUCED SPINELS 
We also found paracrystalline distortions in reduced spinels of 

Fe,O,, Fe,O, with statistically inserted Al,O,. Such reduced 
spinels play an important role as catalysts. Most of the papers 
published on this subject assume that, after reduction in Hz a t  
400" C, the Al-atoms migrate to the boundary of the microcrystal- 
lites. Our careful analysis of the line widths ijp against h2 proved 
that  at least a certain amount of A1 after reduction must stay 
within the a-Fe-lattice. 

Figure 17.  ap-hz-diagrarn of the reflections 110, 220 and 440 from Carbonyl- 
Fe + 3% y-Alz03, annealed in various ways. 

In Fig. 17 the 6/3-h2 plot of the hhO reflections clearly proves this 
fact. From its slope for p = 3 atomic per cent A1 we found a y-value 
of 

g = 1.02% 

Contrary to the above mentioned Fe-Al-alloys the g-value in these 
reduced spinels does not drop markedly after annealing a t  800" C 
(Fig. 17) .  Hence the Al-atoms cannot be built into the lattice as 
metallic atoms but perhaps as AlOOH compounds. This is quite 
probable since, contrary to Fe-Al-alloys, here the lattice parameter 
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is not increased with increasing amount of Al. From Eq. (25) 
(Vegards rule) we see that here the foreign atoms cannot change the 
volume of the lattice. Taking into account that AlOOH crystals are 
known in nature as Bohmit and Diaspor, which have nearly the 
same c-axis as the lattice parameter of a-Fe, we have here the 
interesting example of compounds built into the a-Fe lattice which 

Figure 18. 6-flli2-diagrarn of all measured reflections from Carbonyl-Fe + 
3% y-Al203, annealed in various ways. 

do not change the lattice constant, but as a consequence of their 
different shape nevertheless produce paracrystalline distortions. 

Here again in different directions we find other g-values (Fig. 18). 
Contrary to Fe-Al-alloys now the g-value of the (200) lattice planes 
is the largest one, which gives information about the shape and 
position of the foreign subgroups of Al, 0 and H-atoms in the a-Fe- 
lattice. 
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